Seminar5

Exercise 1

Let @ ~ Uniform([0, 1]). Find the following functions:

a.

The probability density function p4(z), if the random variable {3 is such that 3 = 3a — 1.
b. The probability density function p, (z), if the random variable 7 is such that v = —In(a).
. The probability density function p,. (), if the random variable « is such that

l+a+a?+... ac(0,1)
0 a ¢ (0,1)

The probability density function p_(x), if

0 a ¢ (0,1)

The cumulative distribution function £, (x), if the random variable p is such that

_ 1 if aisirrational
p= 0 if v is rational

b. v = —In(a), @ = e~7. The range for 7 is [0, 00). p. (z) = p, (")

Solution

The density of ais p, (t) = 1} 1)(t).

a. f = 3a — 1. This is a linear transformation. o = (3 + 1)/3. The range for §is [~1,2]. pg(z) =

z+1 da 1

po (554) al=13= % on [—1,2]. This is Uniform([—1,2]). In general, it is immediate to check
that an affine transformation of a uniform random variable is uniform (on the interval being given by the

same affine function).

da
dy
Le. v ~ exp(1).

c. k= fora € (0,1). « = 1—1/k. The range for kis (1,00). p,.(z) = p,(1—1/z) 2| = 1-]1/2?| =

1/2% on (1, 00).

d.e = ;= fora € (0,1), @ = 1/e — 1. The range for € is (1/2,1). p.(z) = po(1/z — 1)|%| =

1+«

1-|—1/z3|=1/2%0n (1/2,1).
e. p=1las,thus F,(z) = 1 (2).

‘zl-l—e_m\:e_a’on[O,oo).




Exercise 2

The random variable « is uniform on the interval [—1, 3|, find the density of —||.

@ Solution

If we visualize it graphically, —|«| pushes forward the density at points « > 0 to the same at —xz. The density
of —|a is this il[,&,l) + %1[,17()). We can also solve it analytically, indeed for y < 0

d d d
foo(y) = d—y[P(—|a| <y) = d—y[P(Oé > —y) + —Pla<y) =315 _1,(y) + 311,0)(¥)

Exercise 3

The random variable « is uniform on the interval [—1, 3], find the cumulative distribution function for %L

@ Solution

Since P(av = 0) = 0, we have that %' is just the sign of . So it —1 with probability 1/4 and +1 with probability

3/4. The distribution function is %1[717” +1p o)

Exercise 4

A random variable « is uniform on the interval [—1, 1], and a random variable /3, independent of «, is a Bernoulli

. . _ 1
variable with parameter p = 3.

a. Find the cumulative distribution function of the random variable a(.

b. Find the cumulative distribution function of the random variable |«/|5.

c. Find the cumulative distribution function of the random variable |2« — 1|.

@ Solution

a. F5(x) = :CTH;[*LO)@) + %%1[071)(1‘) + 11, 00)(T)-
b Flajs(z) = %710, (@) + 1,00
. Flog 115(2) = %6510 1) () + F55 1) 3 () + 13 o0y (2).

Exercise 5

A random variable « is uniform on the interval [0, 1], and the random variable /3 is independent of .

a. Find the probability density function of the random variable 2ac — 3, if (3 is distributed according to the expo-

nential law with parameter 1.

b. Find the cumulative distribution function of the random variable e + (3, if (3 is discrete and distributed accord-

ing to the Poisson law with parameter \.

c. Find the cumulative distribution function of the random variable o 4 23, if 3 is a geometric random variable

with parameter p.



@ Solution

a. Let§ = 2a — [3. The density of 2ais fy, () = %1[0’2). The density of —f3is f_z(x) = €"1(_ o). The
density of the sum ¢ is the convolution:

) [ s <o
/ foa @) f gy — x)dx / Y tdy = 1*82% ify €10,2).
max(0,y)

2
0 ify > 2.
b. Letn = a + f3, then
o0 S L e Y e\ L)
:kz:OIPn<x|B—k ZIPa<m k) 1 :§T+(x—[xj)w

c. Let( = a+28. P(8 = k) = (1—p)fpfork = 0,1, .... Thus Fy(z) = ZZZO P(a < x—2k)(1—p)*p. So
similarly to pointb., I is piecewise affine, interpolating among the values of the F, () at even integers
points x = 2k.

Exercise 6

A random variable  is distributed according to the exponential law with parameter a, a random variable 6 is also
distributed according to the exponential law with parameter b, and +, # are independent.

Find the probability density function of the rv. |/
Find the probability density function of the rv. ~y
Find the probability density function of the rv. 1 — e™ %7

Find the probability density function of the r.v. max(~, )
Find the probability density function of the r.v. min(+y, 6)
Find the probability density function of the r.v. v + 6

L S O >R

@ Solution

F(y) =P(y<y?)=1—e % fory > 0. p(y) = 2aye Y.

b. Fly) =P(v< y) =1—e “V¥fory > 0. p(y )_7§e wy,

c. ( =1—e% = F (7). As we know, this transformation yields Uniform([0, 1]) for any continuous
random variables 7.

d. Fo (@) = F(x)Fp(z) =1—e " —e b7 4 e @t (1) = ae"® +be " — (a+ b)e (@b for

max
x > 0.
e. Fn(r) =1-(1—F (2))(1-Fy(z)) = 1—e~(@t9)7 Namely the minimum is exponential of parameter

a+b.
f. Ifa#0, pfy+9(y> = %(eiay —e ). Ifa =10, p7+9(y) = a’ye .

o

Exercise 7*

Let X, X, ... be independent random variables, with the same distribution exp(\). LetY,, := E:.L:l X, and N, :=
inffn>0:Y,,,>t},t>0.



a. Prove that the distribution of Y,, has the density p,, (y) := e*Ay*(Zz—;f%ZO.

b. Prove that P(IN, = k) = e *!(\t)*/k! (this means that N, ~ Poisson(\t)).

@ Solution

a. Proceed by induction.

« Forn = 1,Y; = X, thus p, (y) = Ae Y.
* Assume the formula is true forn. Y, ., =Y, + X, , a sum of the independent random variables,
and the density of Y, ; is the convolution of their densities:

n.n—1
AT

pn+l@n:=m4w;m<xna<y——x>dxzztéw (e 2 ) e

n+1l_,-—X Y n+l,n
_ Attle Y a:”_ldxze_)‘y)\ Yy
(n=1)! J n!

b. Notice that p,, ., = —A(p,,.1 — p,,). Thus

PNy =n) =P(N, <n+1) =P(N, <n) =P, 1, >1) =P, >t) = / Pr1(Y) = Pu(y)dy = —

which is the statement to be proved.

Exercise 8

A point (z, y) is chosen from the square [0, 1] x [0, 1] uniformly. Find the distribution of the random variables

22

z/(x 4 y).
z? + yz.

min(z,y).
max(z,y).

IS

@ Solution

a. Set & := x”. Then Fy(z) = P(2* < z) = zand fe(2) = 1/(2V/2).
b. Set{ = z/(x +y). { hasthe same law as 1 — § = y/(x + ). So the density satisfies, f¢(2) = f¢(1 — 2).
Thus take z < 1/2, and notice

P(¢ < 2) = P(x < 2y/(1—2)) = 2/(2(1 — 2))

since this is the area of a triangle with height 1 and base 2/(1 — z). In particular the density is f¢(2) =
2(1 + |2z — 1|) 2 for z € [0, 1].
c. Set& = x? + y2. For z € [0, 1]

F¢(z) = P(2® + 3y < z) = Area of quarter circle of radius v/z = mz/4

For 2 € (1,2], the set {2? + y? < 2} is the union of two triangles and a circular sector. The triangles
have height 1 and base 1/Z sin(arccos z~'/2). The circular sector spans an angle 7/2 — 2 arccos(z~1/2).




Soifz € (1,2]
Fe(2) = Vz—1+ 2(m/4 — arccos 271/2)

In particular f¢(2) = 7 — arCCOS( _1/2)1[1 2)(2).

d. Set{ = min(w,y). Fe(z) = P(min(z,y) > 2) =1 — (1 —2)*> = 2z — 2% and f¢(z) = 2(1 — 2).
e. Set& = max(z,y). Fe(z) = 2% and f(z) = 2z.

Exercise 9

Let the random vector (v

two-dimensional probability density is

const z,y€ 9

fap(T,y) = {0 ryd G

What is the value of the constant in the formula?
. Find the densities f,,(z), f5(y) of the distribution of the first coordinate v and the second coordinate 3 of the
vector.

Are o and [ dependent?

Find the probability densities for a + 3 and for o — f3.

@ Solution

a. The constantis 1/|G| = 1/2.
b. The density of « is obtained as pushforwarding the uniform measure on g on the segment [—1, 1]. So a

graphical Visualization immediately shows f,(v) = fz(z) = (1 — [2])1_; ;). We can also find this by
computing f,,(z) = [ f, s(z,y)dy.

. They are dependent eg.forr > 1/2,P(a >z, > x) = 0,while P(w > ) = P(8 > x) > 0. More in

general, we observe that if («v, 5) are distributed as in Equation 1, they are independent iff § = G, x G,
(up to a.e. equivalence) and «, 3 are uniform on G, G, respectively.

. LetU = a+ 3,V = a— (. This is a rotation and scaling. The region |z| + |y| < 1 is transformed into

the region G’ = {|u| < 1, |v| < 1}. The Jacobian of the transformation from (u, v) to (z,y) is 1/2 and
thus (U, V) is uniform on §’. In particular they are i.i.d. and uniformly distributed on [—1, 1].

Exercise 10

Let the random vector («, 3) be uniformly distributed in the upper semicircle G = {x2 +y2 <1,y > 0}. That is,

the corresponding two-dimensional probability density is

BN I

const r,y€ G
@ P =
fan(®:¥) {0 vy ¢ 9

What is the value of the constant in the formula?
Find the density f,, (x) of the first coordinate « of the vector.

Find the probability density for p = \/a? + 3. Draw the graph of f,(¢).

Find the probability density for ¢ = arccos(a/+/a? + (32). Draw the graph of f,(t).
Are p and ¢ dependent?

, B) be uniformly distributed in the region § = {|z| + |y| < 1}. That s, the corresponding




f. Find the probability density for { = /3. Draw the graph of f,(t).
g. Find the probability density for = a?/32. Draw the graph of [(t)-
h. Find the probability density for § = o + 2. Draw the graph of f,(t).

Solution

a.
b.

G S

aQ

The constantis 1/|G| = 2/.
The density of « is obtained as pushing forward the uniform measure on G on the segment [—1, 1]. So a

graphical visualization immediately shows f,, (z) = 2v/1 — 221;_; ;). We canalso find this by computing
fa (fL’) = f fa,,@(xv y)dy

p s the polar radius. F,(r) = P(p <r) = (7r?/2)/(r/2) = r* forr € [0,1]. So f,(r) = 2rLj ;).

¢ is the polar angle. It is uniformly distributed on [0, 7.

In polar coordinates, the joint density is f(r, ¢) = (2/7) - r. Therefore p and ¢ are independent.

. & =a/B = cot(¢). Fe(z) = P(cotp < x) = P(¢ > arccot(x)) = %‘:Ot(gj) fe(x) = m (known

as Cauchy distribution).

1= € Fyly) = P2 < y) = Fe(/) — Fe(—yi - fy(9) = st 10,0 (0
.0 =p% Fy(t) =P(p?> <t) = (vVt)? = tfort € [0,1] (uniform distribution).
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