Seminar 6

Exercise 1
There are 7 red and 5 white balls in a box. Two balls are randomly drawn from the box.

a. Find the expectation and variance of the number of red balls drawn.
b. Would the answer change if the balls were drawn as follows: the first ball is drawn, put back, and then the

second ball is drawn?

@ Solution

Let N be the number of red balls drawn. Let X, = 1 if the ¢-th ball drawn is red, and X; = 0 otherwise.
N = X, + X,. In both cases we have E[X,| = P(X; = 1) = 7/12 = E[X,] = 7/12 and thus E[N] = 7/6.
The computation of the variance however depends on the joint law of (X, X,) and we need to separate the
two cases.

a. Without replacement: Inthiscase P(N =2) =P(X, =1, X, =1) = ()/(7); P(N=0) = (3)/(}).

Thus we can compute

[E[NQ]:4[P(N:2)+1(1—|P(N:2)—[|>(N:0)):1+31—2)—<T

175
Var[N] = E[N?] — E[N]? = — ~ 0.442
ar[N] = E[N?) —E[N]2 = 200
b. With replacement: Now X, X, are independent, N ~ Binomial(2,p = 7/12). Thus Var(N) = 2p(1 —
p) = 35/72 ~ 0.486. As intuitive, the variance increased.

Exercise 2

Let X ~ NV (0,0?). Calculate E[X™] for n € .

@ Solution

« If nis odd, then E[X"] = 0 due to the symmetry of the normal distribution about zero.
- If n = 2k is even, we can reduce to the case ¢ = 1 considering Z = X /o, since then E[X?¥] =
o2FE[Z?F]. An integration by parts shows a crucial property of standard normal random variables

EZf(2)] = Ef"(2)]

Let f(Z) = Z" 1. Then E[Z"] = (n — 1)E[Z"2]. Applying this formula repeatedly: E[Z?*] = (2k —
DE[Z%%72) = (2k — 1)(2k — 3) -1 - E£[Z2°] = (2k — 1)!\. Then E[X?*] = o2¥(2k — 1)L




Exercise 3

The random variable X has a Poisson distribution with parameter )\, the random variable Y is exponentially dis-
tributed with parameter \,, and X and Y are independent. Find the expectation and variance of the random vari-
ables X +Y, XY.

@ Solution
E[X 4+ Y] = E[X] + E[Y] = A; + 1/),, and due to independence

Var(X +Y) = Var(X) + Var(Y) = A\, + 1/A3
E[XY] = E[X]E[Y] = A, /Ay
Var(XY) = E[XZJE[Y?] — (E[XY])? = (A + A])(2A57) — (A1/A2)?

Exercise 4

Let the joint probability density of the random variables £, 7 be p; , (z,y) = C exp(—z? + 2zy — 2y?). Find the
constant C' and Cov(§, 7).

@ Solution

Complete the square in the exponent: —x? + 2zy — 2y? = — (22 — 22y + y?) —y® = —((x — y)? + y?). Via
the substitution z = x — y in the integral, we then get fp&n(x, y)dxdy = Cn.So C = 1/.

From the same computation we see that ( := £ — 7 and 7 are independent, so Cov(§,n) = Cov((,n) —
Cov(n,n) =0+ 1/2.

Exercise 5

Give an example of dependent random variables with zero covariance.

@ Solution

Let X be any symmetric (non-constant) random variable, meaning that X and —X have the same distribution,
e.g. X ~ N(0,1). Take Y = X?", then X and Y are dependent, E[X] = 0 and E[XY] = E[X?""!] = 0.

Exercise 6

Calculate [[£?]

a. If
0, forx < —1,

Fe(x) = 41/3, for —1 <z <0,

1-— %e_m, forxz > 0.

b. If Fe(z) = 1+ Larctan(z), forz > 0?



@ Solution

For a € R we have that
ELF(€)] = f(a) + / FOP(X > t)dt - / FOP(X < tdt ®

a. We can solve the problem in two different ways.
 Using Equation 1, witha = —1

0

E[¢%] = (1) +/

2t(1— 1/3)dt + / 2tletdt =1—2/3+1=4/3
—1 0

+ Using the fact that the distribution of { is u, = %6_1 + %(50 + %e%lxzodfv so that
E[¢?] = / T2 dpg(r) = 3(=1)* + 50% + 3 / t?et =1/3+0+2/2=4/3
0

b. This is the Cauchy distribution. The distribution of { admits a density: p¢(z) = F{(z) = m Thus

xng () is not integrable and E[¢2] = +o00. We can also check that Equation 1 (say with a = 0) gives the
same result since

E[¢?] =02+ 2/00 2t(1/2 — arctan(t))dt = +o00
0

Exercise 7

Let & be distributed according to the Cauchy law with density %1; Find the quantile g, 3 for ISE

+x2°

@ Solution
We need to solve P(|¢| < ¢) = 2/3. This yields

71 1 2
3 :/q;1+$2d93: ;arctan(q)

Therefore g, /3 = tan(m/3) = V3.

Exercise 8

n = 100 letters are randomly placed into n envelopes which already have addresses written on them. Find the
expectation and variance of the number of letters that ended up in the correct envelopes.

@ Solution

Here we are counting fixed points in a random permutation. Let X be the number of letters in correct en-
n . . . . . . .
velopes. X = ) X, where X; is the indicator that the i-th letter went into its own envelope. Since there



are (n — 1)! permutations that fix the point i
F[X,) = E[X?] = P(X, = 1) = 1/n
Similarly, for i # 7, there are (n — 2)! permutations that fix 7, j

1

EX X =PXi=1X=1) = 7

Therefore
E[X] = Z[E (1/n) =1
Z[EXX Z[EX2+Z[EXX n-(1/n)+nn—1)-1/(n(n—1)) =2

i#j
Var(X) = E[X?] — (E[X])?=2—-1—1

The answer does not depend onn > 2.

Exercise 9*

Let the random vector £ = (&, ..., &,,) have a uniform distribution on the n-dimensional sphere of radius 1. Find

Var(§;).

@ Solution

It holds E[¢;] = 0 by symmetry. Morever each ¢, has the same distribution and Zj £} = 1. Therefore E[£7] =
Var(§;) = 1/n.

Exercise 10

Around a round table sitn men and m women. Find the expectation and variance of the number of pairs of neighbors

of the type MW (man-woman).

@ Solution

Let X; = 1 if the pair at seats (i,7 + 1) (sums are understood (mod n + m)) is of type MW, and X, = 0
otherwise. Let X = ). X, be the number of pairs of neighbors of MW. We have

2nm 2nm
Z[E m+n)lP(X1:1):(m+n)<n+m>(n+m_1>:n+m_1

dnm(n —1)(m —1)
(n+m—1)%2(n+m—2)

Var(X) = E[X?] - E[X]? =

E[X?] = Z EX,X]= Y EXX]+ > EXX|+ Y  EXX]=EX]+2n+mP(X, =12
%] 4,J:1=] i,5: [i—j|=1 i,5:[i—j>1
_ 2nm - nm(n —1) +mn(m —1) ot ) — 3(n 4 m dnm(n —1)(m
_n—l—m—1+2( * )(m+n)(m+n—1)(m+n—2)+(( +m)T—3(n+ ))(m+n—1)(m+




Indeed

« To compute P(X; = 1), we can have MW or WM, each with probability nm/((n + m)(n +m — 1)).
« To compute P(X; = 1, X, = 1) we can have MWM or WMW.
« To compute P(X; = 1, X5 = 1), there are four arrangements, MWMW, MWWM, WMMW, WMWM.

Exercise 11

Let ) and &), &y, ... be independent random variables taking values 0, 1, 2, ..., where the {; have identical distribu-
tions. Consider the random variable § = ;.7:1 §;- Prove the following relation between generating functions:

Qs =@y Qe

@ Solution

Conditioning on 7

Qs(s) = Els’ln=kKP(n=Fk) = Z[E Zia &Py = )

k=0

. k . . .. .
where in the last step we used that ZFl §, and n are independent. Since the (& j) are i.i.d., the expectation of
the product [ ] s% factorizes to get

oo k
=S TIEsSIP0 = k) = Z[Pn—kﬂsf] Q(Qc(s))

k=0 j=1

Exercise 12

Given an infinite i.i.d. sequence of indicators {¢;},i = 0,1 ... with parameter p = 1/3, and a random variable (3,
find E(«) for the discrete random variable o = 25:1 e

@ Solution

We can use the previous exercise to get Q, = Q4 © Q. In particular E[a] = Q,(1) = Q5(Q(1))Q%(1) =
Q3(1)Q(1) = E[BJE[E].

Exercise 13

Two lecturers teach probability theory. The first one already knows that there are n students in his class. The other,
however, has not yet held the first class, so he considers the number /V of his students to be a random variable with
an expectation equal to n.

An exam is planned, for which the probability of passingis p € (0, 1) for each student (independent of other students
and of N). In which class is the expected number of students who will pass the exam greater? In which class is the
variance of the number of students who will pass the exam greater?



@ Solution

Let Y be the number of students who passed in the first class, and X in the second.

Y ~ Binomial(n, p). Thus E[Y] = np and Var(Y') = np(1 — p).

For the second class, the number of students NV is a random variable with E[N] = n. We however know that
P(X = kN =m) = ()p"(1—p)™*. Namely X is binomial conditionally to N. From the previous exercise
E[X] = E[E[X|N]] = np. The expected number of students who pass is the same in both classes.

The variance can be computed as:

Var(X) = E[Var(X|N)] + Var(E[X|N])

where Var(X|N) = Np(1 — p), thus the first term on the r.h.s. is np(1 — p). E[X|N] = Np, thus the second
term is p? Var(V). In particular Var(X) = Var[Y] + p? Var[N]. The variance is greater in the second class.

Exercise 14

Let the random variable ¢ satisfy £ € L, (€2, P) and

a. £=0,1,.... Prove that E[¢] = ZZO:I P(¢ > n).
b. £ > 0. Prove that E[¢] = fooo P(¢ > z) da.

@ Solution

In general we have, for X > 0, & = fooo 1, _¢dx, there via Fubini

F[X] = /OOO P > 2)dz

Exercise 15

You have one hour for a nap, but you are waiting for two messages and do not turn off your phone. The messages
will wake you up. Assuming the arrival times of the messages are independent and uniformly distributed over this
hour, how much time on average will you have left to sleep after they arrive?

@ Solution

Let the hour be the interval [0, 1]. The message arrival times 73,75 ~ Uniform([0, 1]) are independent. You
will wake up last time at M = max(7},75,). The remaining sleep time is 1 — M. Thus

[E[l—M]:/Ol[P(Mgt)dt:/OllP(Tlgt)[P(T2§t)dt:/Olt2dt:1/3

or 20 minutes.

Exercise 16

Let X be a random variable. Prove the following statements.



a. If X € L}, then the median m minimizes the function ¢, (r) = E[|X — r|].

b. If X € L?, then the expectation [[X] minimizes the function ¢,(r) = E[| X — r|?].
c. Use a. and Jensen’s inequality to prove that |m — E[X]|? < Var[X].

@ Solution

a. Letm be a median and r > m. Then E[| X — r|] — E[|X — m|] = E[|X — r| — |X — m]|]. The integrand
isequaltor —mfor X < m,m —rfor X > r,andm +r —2X form < X < r. Thus

¢1(r)—p(m) = E[| X—r||-E[|X—m]|] > (r—m)P(X < m)+(m—r)P(X > r)+(m—r)P(m < X <r) =

If r < m, the same computation applied to — X yields a similar result.
b. Let p := E[X]. Then

$o(r) = E[(X —1)?] = E[(X — )] + 2E[(X — p)](r — ) + (r — p)? = () + (r — p)?

Thus m is the unique minimizer of ¢,.
c. |EX —m| < E[|X —m|] < E[|X — E[X]|] from point a. Thus

[E[X] —m|?* < E[JX — E[X][]* < E[|X — E[X]*] = Var(X).

Exercise 17*

[In the context of this problem, the Monte Carlo method was first applied in history] A needle of unit length is
randomly thrown onto a strip of infinite length and unit width on the plane. What is the probability that the needle
will intersect at least one of the lines forming the strip? Hint: Replace the problem with the following more general
question: instead of a needle, consider an arbitrary Lipschitz curve of length {. Find the expected value of the number of its
intersections with an infinite lattice formed by parallel lines with a step of 1. Start with a curve in the form of a segment.

@ Solution

With probability 1, the needle cannot intersect more than one line. So the probability of intersection is just the
expected value of the number of intersections.

Consider a segment of length /, partition it in finitely many intervals, and let X, be the number of intersections
of the interval 7, with the vertical lines on the plane. The number of intersections X = . X satisfies

E[X] =) EX] @

therefore E[ X ] is just a linear function of /. We need to find out the constant of proportionality. Consider now a
finite union of segments. We can reason in the same way, and the number of intersections will be proportional
to the total length of the segments.

Aswe take a piecewise linear curve to approximate a smooth curve, for instance a circle, we see that the number
of intersections of the approximations converges a.s. to the number of intersection of the curve (Which for
instance for a circle is bounded). Thus for a smooth curve € the number of intersections X satisfies

E[Xe] = AUC)

where A is a constant independent of the curve € and ¢(C) is the length of the curve. To determine A, we see
that a circle of diameter 1 has a.s. 2 intersections with the vertical lines. Therefore 2 = Ax. Thus for a smooth
(or rectifiable) curve

E[X,] = 20(C)/x




Exercise 18*

—IR/leacnrcleoflengthl Let [, = [0,1/n] C S*and I;, = £ + Iy = [k/n,(k+1)/n),k=1,..,n— 1.
Then |I,| = 1/nand | U?_} I,| = 1. Thus, we have constructed $ n $ shifts of the set [, such that their union has
full measure.

However, in the general case, we have a different picture. For E C Slandz € SY,letx+ E := {z+y,y € E}. Let
the set ' be measurable and n > 1. Prove that there exist z, ..., z,, such that | U} ; (z;, + E)| > 1 — (1 —|E|)™.

@ Solution

Choose x4, ..., 7, independently with a uniform distribution on S'. By Fubini’s theorem:
£l Uiy o+ E)) = [ By e 0y
= [ a=POuty g ot By =1 [ P(utei ¢y~ Endy
=1~ [ TIPG ¢y Byay=1- (1]

i

Since the average value of the measure of the union is 1 — (1 — | E|)", there must exist at least one specific
placement (z, ..., z,,), for which the measure of the union is not less than this average value.

Exercise 19*

Find the expectation and variance of max(X,Y'), where X, Y are the random variables from exercise 3.

@ Solution

Since X, Y are independent

E[max(X,Y)] = [O 1 — P(max(X,Y) < t)dt /Ooo 1—P(X < HP(Y < t)dt

For the variance, we can compute it is Var(max(X,Y)) = E[max(X,Y)?] — E[max(X, Y)]?. So we are left to
compute

Flmax(X,Y)?] = /OOO 2(1 — P(X < P(Y < 1))dt

Exercise 20*

Let f € C''(R) (or just absolutely continuous), £ be a random variable and f(¢) € L;. Prove that Va € R

ELF(E) / Fla §>xd:v—/ P (2)P(€ < ) da



@ Solution

We can restrict to the case a = 0 and f(0) = 0, by considering the function f(- + a) — f(a) otherwise. Let us
also consider the case £ > 0, the general case being similar. Then by Fubini

7€) = / - / J (g pecdt

EL£(€) /f F1goeldt

which is indeed the stated formula.

Exercise 21*

Let E be an ordered measurable space. Let X: () — FE be a random variable. Let f,g: ¥ — R be measurable

monotone functions. Prove that
E[f(X) g(X)] = E[f(X)]E[g(X)].

@ Solution
Take X, Y i.i.d.. Then, since (f(y) — f(x))(g9(y) — g(x)) is pointwise non-negative

0 <E[(f(Y) = f(X))(9(Y) = g(X))] = E[f(X)g(X) + f(¥)g(Y)] = E[f(X)g(Y) + f(Y)g(X)]

Since X, Y arei.i.d., this gives the wanted inequality.

Exercise 22*

Let the random variables &, i) satisfy E{ = En = 0, and Var[¢| = Var[n] = 1 and have correlation coefficient p.

Prove that
Emax(£2,7%) <1+ +/1

@ Solution

For a,b € R it holds max(a, b) = %‘a*b‘. Thus:

Emax(€2,7) = SEIE? + 7] + SEIE — Pl = 5 Varle] + o Varln] + SE[IE + il — ]

Moreover we have E[¢n] = py/Var[{] Var[n], and

E(1€ + nll€ —nl] < E[(€ + )V 2E[(§ — )22

Putting all together

l]':maX(ff2, 772) < Var[ﬂ ;Var[ﬁ] + %\/(Var[f] 4 Var[n])2 _ 4/)2 Var[E] Var[n]




Exercise 23*

The random variables &, &,, ... are iid, £ 5~ Uniform([0, 1]). Let v be a random variable equal to the minimum k
for which Y0 & > 1. Find E[/].

@ Solution

For S, =" | &,itholds {v > n} = {S, < 1}. Thus

:i[P(y>n) :i[P(Sn <1)
n=0 n=0

The density of S,, on [0, 1] is x™ ! /(n — 1)!. Therefore

/ Z o=

Additional Exercises

Exercise 24*

Let ¢ be a random variable and f: R — R be absolutely continuous and such that E[| f(£)|] < oo. Prove that for
a€R

ELA(E) /f §>tdt—/f P(¢ < t)at

In particular if f admits a limit at —oo

ELF(€)] = / FOP(E > t)dt -

@ Solution

Since f is absolutely continuous, for w such that £(w) > a (notice that at least one of the integral terms vanishes
for each w, depending on £(w) > a or {(w) < a)

1O =f@+ [ 1o 0i— [ 1w

oo

Taking expectation inside the integrals, we get the wanted formula.

Exercise 25*

Let ¢ be a random variable and ¢ € (0, 1]. Define

o(t) == —logP(§ > t) € [0, +0]
U(t) = —logP(E > 1) € [0, o0



Prove that
[E[e(lfe)d](&)] S 571 S []»:[6(175)90(5)]

In particular there is equality if P(§ = ) = 0 for all £.

@ Solution

First take an absolutely continuous, non-decreasing function xy > . Using Equation 3
Ele%6) = 1+ [ (1= 2)el X OP(E > it = 1+ [ (1= el (e
0 0
=1+(1—¢) / e~ XU\ ()dt =1+ (1 —¢)/e =1/¢
0

And similarly if we consider x < 1. Therefore

sup [E[e“_E)X(@]ga_lg sup [E[@(l—E)X(E)]
X<, xa.c. X=p,xa.c.

Now the point is that we can approximate ¢ with smooth functions from above, and i) from below. E.g. take
n,, with a smooth density supported in [0, 1/n] and independent of . Then set

pn(t) = —logP(E+m, > t) € [p(t —1/n), ()], ¢, () := —logP(§ —n, > 1) € [p(t), (¢ + 1/n)]

and take the limit n — oo.
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